In 1876,Édouard Lucas discovered a method for proving that a number is prime or composite without searching its factors. His method was based on the properties of the Lucas Sequences. He first used his method for Mersenne numbers and proved that 2 127 − 1 is a prime. In 1930, Derrick Lehmer provided a complete and clean proof. This test of primality for Mersenne numbers is now known as: Lucas-Lehmer Test (LLT).
Few people know that Lucas also used his method for proving that a Fermat number is prime or composite, still with an unclear proof. He used his method for proving that 2 2 6 + 1 is composite. Lehmer did not provide a proof of Lucas' method for Fermat numbers.
This paper provides a proof of a LLT-like test for Fermat numbers, based on the properties of Lucas Sequences and based on the method of Lehmer. The seed (the starting value S 0 of the {S i } sequence) used here is 5, though Lucas used 6.
Primality tests for special numbers are classified into N − 1 and N + 1 categories, meaning that the numbers N − 1 or N + 1 can be completely or partially factored. Since many books talk about the LLT only in the N + 1 chapter for Mersenne numbers N = 2 q − 1, it seemed useful to remind that the LLT can also be used for numbers N such that N − 1 is easy to factor, like Fermat numbers N = 2 2 n + 1, by providing a proofàla Lehmer.
Theorem 1 F n = 2 2 n + 1 (n 1) is a prime if and only if it divides S 2 n −2 , where S 0 = 5 and S i = S 2 i−1 − 2 for i = 1, 2, 3, ... 2 n − 2 . The proof is based on chapters 4 (The Lucas Functions) and 8.4 (The Lehmer Functions) of the book "Édouard Lucas and Primality Testing" of H. C. Williams (A Wiley-Interscience publication, 1998).
Chapter 1 explains how the (P, Q) parameters have been found. Then Chapter 2 provides the Lehmer theorems used for the proof. Then Chapter 3 and 4 provide the proof for: F n prime =⇒ F n | S 2 n −2 and the converse, proving theorem 1. Chapter 5 provides numerical examples. The appendix in Chapter 6 provides first values of U n and V n plus some properties. It has been checked that:
Here after, we search a Lucas Sequence (U m ) m 0 and its companion (V m ) m 0 with (P, Q) that fit with the values of the S i sequence.
We define the Lucas Sequence V m such that:
Thus we have:
n ) applies, we have:
and thus:
With (4.1.3) page 70 ( V n+1 = P V n − QV n−1 ), and with:
we have:
In the following we consider: (P, Q) = ( √ 7, 1) .
As explained by Williams page 196, "all of the identity relations [Lucas functions] given in (4.2) continue to hold, as these are true quite without regard as to whether P, Q are integers".
So, like Lehmer, we define P = √ R such that R = 7 and Q = 1 are coprime integers and we define (Property (8.4.1) page 196):
in such a way that V n and U n are always integers. Tables 1 to 5 give values of
Lehmer theorems
Like Lehmer, let define the symbols (where a / b is the Legendre symbol):
The 2 following formulas (from page 77) will help proving properties:
If p is an odd prime and p ∤ Q, then:
Since p is a prime, and by Fermat little theorem, we have: 2 p−1 ≡ 1 (mod p).
• By (4.2.28), with m = p and n = 1, since U 1 = 1 and V 1 = P , we have:
Since p i ≡ 0 (mod p) when 0 < i < p and p p = 1 , we have:
• By (4.2.29), with m = p and n = 1, since U 1 = 1 and V 1 = P , we have:
2 P Since p 0 = 1 , and p i ≡ 0 (mod p) when 0 < i < p , we have:
Property (8.4.3) page 197 :
Proof By (4.2.28) with n = 1, V 1 = P , since p is a prime and (R, Q) = 1, we have:
• With: m = p − 1 :
Property (8.4.4) page 197
If p is an odd prime and p ∤ Q, then: V p−σε ≡ 2σQ 
Proof:
Let ω = ω(N ) . We see that ω | N ± 1 , but ω ∤ (N ± 1)/q . Thus if q α N ± 1 , then q α | ω . It follows that ω = N ± 1 and N is a prime by Theorem 5 (8.4.6) .
Let N = F n = 2 2 n + 1 with n ≥ 1 be an odd prime.
Let: P = √ R , R = 7 , Q = 1 , and D = P 2 − 4Q = 3 .
Hereafter we compute 3 / N and 7 / N :
Since:
then: 3 / N = −1 .
• 7 / N : We have:
With 2 n ≡ b (mod 3) , we have: 2 2 n + 1 ≡ 2 b + 1 (mod 7) . Then we study the exponents of 2, modulo 3 . We have: 2 2 ≡ 1 (mod 3) , and:
Finally, we have: 7 / N = N / 7 (−1)
So we have:
Since σ = −τ , σǫ = +1 , and F n ∤ QRD with n ≥ 1, then by Theorem 2 (8.4.1) we have:
By (1) we have: V 2 k−1 = S k−2 and thus, with k = 2 n : F n | S 2 n −2 .
4 F n | S 2 n −2 =⇒ F n is a prime Let N = F n with n ≥ 1 . By (1) we have:
And thus, by (4.2.6) page 74 (
By (4.3.6) page 85: ( (V n , U n ) | 2Q n for any n ), and since Q = 1 , then:
(V 2 2 n −1 , U 2 2 n −1 ) = 2 and thus: N ∤ U 2 2 n −1 since N odd.
With ω = ω(N ) , by Theorem 3 (8.4.3) we have : ω | 2 2 n and ω ∤ 2 2 n −1 .
This implies: ω = 2 2 n = N − 1 . Then N − 1 is the rank of apparition of N, and thus by Theorem 5 (8.4.6) N is a prime. 5 Numerical Examples With n = 2, 3, 4, we have the following (not proven) properties (modulo F n ): The values of U ′ n and V ′ n ( n≥1 ) with (P, Q) = ( √ 3, −1) can be built by:
Values of U i and V i in previous tables can be computed easily by the following PARI/gp programs: U 2j+1 : U0=1;U1=6; for(i=1,N, U0=5*U1-U0; U1=5*U0-U1; print(4*i+1," ",U0); print(4*i+1," ",U1))
